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SUMMARY 

The d i f f e r e n t i a l  s c a t t e r i n g  cross sect ion of an  ion i n  i t s  parent gas is 
calculated f o r  an inverse fourth a t t r a c t i v e  (polar iza t ion)  potent ia l .  The ef-  
f e c t  of charge exchange i s  included. The ion and atom paths during c o l l i s i o n  
a r e  computed c lass ica l ly ,  but the  r e s u l t s  of quantum mechanical charge exchange 
probabi l i ty  calculat ions a r e  used. Expressions a r e  given f o r  t h e  range of en- 
ergy and s c a t t e r i n g  angle over which t h i s  semiclassical  approach i s  valid.  

The d i f f e r e n t i a l  cross sect ion i s  shown t o  have a maximum near an  apparent 
sca t te r ing  angle of 180'. Approximate expressions are given f o r  t h e  value of 
the cross sect ion a t  the  maximum and the sca t te r ing  angle a t  which it occurs. 

Values of the  d i f f e r e n t i a l  cross sec t ion  f o r  cesium ions i n  cesium vapor 
a r e  obtained by using the r e s u i t s  of t o t a l  charge exchange cross sec t ion  and 
atomic p o l a r i z a b i l i t y  measurements. These calculat ions are expected t o  be 
v a l i d  f o r  cesium ion-atom c o l l i s i o n  energies between 0.025 and 1000 e lec t ron  
v o l t s  . 

The r e l a t i o n  between t o t a l  cross section, charge exchange cross sect ion,  
and diffusion cross sect ion i s  discussed. The determination of the t o t a l  cross 
section from a sca t te r ing  chamber type experiment is presented and compared 
with experiments. 

INTRODUCTION 

Ion-Atom Resonance Charge Exchange Interact ion 

A n  ion following an interatomic path past  an atom is subject t o  t h e  phe- 
nomenon of charge t r a n s f e r  as wel l  as sca t te r ing  due t o  e lec t ronic  in te rac t ion  

h e  information presented herein was offered as a t h e s i s  i n  p a r t i a l  f u l -  
f i l lment  of t h e  requirements for  t h e  degree of Doctor of Philosophy i n  Nuclear 
Engineering, Texas A & M University, College Stat ion,  Texas, 1964. 
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potent ia l s .  If t h e  ion  and atom are of i d e n t i c a l  elements, an outer e lectron 
of the  atom will "see" a vacancy i n  t h e  same energy l e v e l  it occupies i n  the 
precol l i s ion  atom. Since the  probabi l i ty  of e lec t ron  t r a n s i t i o n  i s  inversely 
proportional to t h e  difference i n  energy l e v e l  (ref. l), i d e n t i c a l  l e v e l s  have 
an espec ia l ly  high probabi l i ty  of producing e lec t ron  t r a n s i t i o n s .  
t i o n s  a r e  re fer red  t o  as resonance charge exchange interact ions.  

Such t r a n s i -  

/ The paths that t h e  ion and atom 
follow during an in te rac t ion  a r e  deter-  
mined by the  influence of the  e l e c t r i c  
f i e l d  of one on the  path of the  other.  
For example, t h e  e l e c t r i c  f i e l d  of the  
ion polar izes  t h e  atom. The induced 
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a negl igible  e f f e c t  on the p a r t i c l e  
k i n e t i c  energy, then the  c o l l i s i o n  i s  
experimentally i d e n t i c a l  to e l a s t i c  
sca t te r ing  with an apparent sca t te r ing  
angle 180° greater  than t h e  a c t u a l  par- 
t i c l e  s c a t t e r i n g  angle. Since e l a s t i c  
scattering is predominant.y over small 
angles,  e l a s t i c  sca t te r ing  with charge 
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Figure 1. - Ion-neutral elastic scattering event with charge exchange. 

exchange appears t o  be predominantly over near-180° angles ( r e f s .  2 and 3 ) .  

Importance of Resonance Charge Exchange Phenomena 

The large apparent sca t te r ing  angles t h a t  occur when ions pass through 
t h e i r  own vapor provide an  e f f i c i e n t  mechanism f o r  exchange of k ine t ic  energy 
of the charged p a r t i c l e s  t o  the gas atoms, t h a t  is ,  t o  "thermalize" the f i e l d  
accelerated ions. This phenomenon i s  of current i n t e r e s t  i n  connection with 
several  thermal plasma devices. Charge exchange enhances ion neut ra l iza t ion  of 
e lec t ron  space charge i n  thermionic diode energy converters ( r e f s .  4 t o  6 ) .  
Ions t h a t  have undergone charge exchange i n  the  exhaust of an ion rocket engine 
have been shown t o  be detrimental  t o  engine accelerator  p la tes .  A n  electron- 

'Russian-to-English t r a n s l a t o r s  who a r e  unfamiliar with c o l l i s i o n  phenom- 
ena of ten  t r a n s l a t e  t h e  Russian word f o r  charge exchange, perezariadka, as 
overcharge. 
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1 bombardment ion rocket w i l l  always have some nonionized propellant flowing 
through t h e  accelerator  gr id .  These n e u t r a l  atoms exchange charge with t h e  
fast moving ions i n  t h e  rocket exhaust. The slow ions formed i n  t h i s  exchange 
a r e  accelerated back i n t o  the  accelerator  g r i d  where they  do sput te r ing  damage 
( r e f .  7 ) .  Charge exchange c o l l i s i o n s  have been used i n  molecular beam work t o  
produce high energy neut ra l  beams ( r e f .  8 ) .  

Previous Work 

There appears t o  have been very l i t t l e  work done on calculat ing differen-  
t i a l  sca t te r ing  cross sect ions including e l a s t i c  s c a t t e r i n g  and charge ex- 
change. A short ,  qua l i ta t ive  discussion of t h e  subject i s  given i n  r e f e r -  
ence 1, where it i s  s t a t e d  t h a t ,  i n  general, t h e  d i f f e r e n t i a l  s c a t t e r i n g  cross 
sect ion has a large maximum a t  zero angle (center-of-mass system) and fa l ls  
rap id ly  t o  a very small value. This s m a l l  value i s  maintained up t o  an angle 
near 180°, a f t e r  which, f o r  resonance charge exchange, t h e  cross sec t ion  in-  
creases t o  a second maximum. The first maximum i s  a t t r i b u t e d  t o  d i r e c t  e l a s t i c  
sca t te r ing ,  the second t o  e l a s t i c  s c a t t e r i n g  with charge t r a n s f e r .  Mason and 
Vanderslice ( r e f .  9 )  propose a method f o r  extending t h e i r  e l a s t i c  s c a t t e r i n g  
cross sect ion calculat ions t o  include charge exchange e f f e c t s .  There is ,  how- 
ever, a considerable amount of l i t e r a t u r e  i n  two c lose ly  r e l a t e d  areas:  c las-  
s i c a l  calculat ion of e l a s t i c  s c a t t e r i n g  cross sect ion and t h e  determination of 
the  t o t a l  charge exchange cross section. 

E l a s t i c  s c a t t e r i n g  cross section. - The ca lcu la t ion  of d i f f e r e n t i a l  cross 
sect ion due t o  e l a s t i c  s c a t t e r i n g  reduces t o  t h e  problem of solving the c l a s s i -  
c a l  o r b i t a l  equation ( r e f .  10) f o r  an  assumed in te rac t ion  p o t e n t i a l  and then 
being able t o  d i f f e r e n t i a t e  t h e  r e s u l t  w i t h  respect  t o  impact parameter. 

It i s  convenient, though a r b i t r a r y ,  t o  consider interatomic poten t ia l s  t o  
consis t  of two types,  long and short  range poten t ia l s .  Short range poten t ia l s  
a r e  repulsive,  t h e  r e s u l t  of overlap of the e lec t ron  clouds. The long range 
poten t ia l s  a r e  a t t r a c t i v e ,  the  r e s u l t  of charge induced e l e c t r o s t a t i c  multi-  
poles and multipole induced e l e c t r o s t a t i c  multipoles. An ion-atom i n t e r a c t i o n  
p o t e n t i a l  consis t ing of t h e  following three terms is used i n  reference 11: 

(1) An a t t r a c t i v e  p o t e n t i a l  varying as the  inverse four th  power of d i s -  
tance t h a t  accounts f o r  the  in te rac t ion  of the  induced atomic dipole 
with t h e  ion 

(2) A n  a t t r a c t i v e  p o t e n t i a l  varying as t h e  inverse s i x t h  power of distance 
that  accounts f o r  two e f f e c t s ,  t h e  i n t e r a c t i o n  of the  induced atomic 
quadrupole w i t h  t h e  ion and t h e  i n t e r a c t i o n  of the  induced atomic d i -  
pole with t h e  induced ionic  dipole3 

(3) A semihard sphere repuls ion p o t e n t i a l  

3This dipole-dipole contr ibut ion t o  t h e  inverse s i x t h  power p o t e n t i a l  is  
of ten  ca l led  t h e  London dispers ion poten t ia l .  
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Terms (1) and ( 2 )  a r e  t h e  leading terms i n  t h e  multipole expansion. Term (3) 
i s  most of ten  represented i n  the  current l i t e r a t u r e  by a p o t e n t i a l  varying as 
t h e  inverse twel f th  power of distance (refs. 9,  11, and 1 2 ) .  The choice of t h e  
inverse twel f th  power i s  primarily one of mathematical convenience. 

/'Inverse fourth potential 

Figure 2. - Interatomic potential. 

A p o t e n t i a l  consis t ing of 
these t h r e e  terms is  sketched 
i n  f igure  2 .  When the  r e l a t i v e  
k i n e t i c  energy of the two col-  
l i d i n g  p a r t i c l e s  i s  decreased, 
t h e i r  minimum distance of ap- 
proach increases.  For suffi- 
c i e n t l y  low energy where the  
minimum distance of approach i s  
of t h e  order of r* ( f i g .  2 )  

p o t e n t i a l  may be approxrimated 
by t h e  inverse fourth p o t e n t i a l  
alone ( r e f .  9 ) .  The d e t a i l s  of 
p a r t i c l e  paths followed during 
a polar izat ion in te rac t ion  have 
been discussed i n  references 
13 and 14; however , nei ther  
reference presents an expres- 
s ion f o r  t h e  d i f f e r e n t i a l  cross 
sect ion per se .  

' r  the  more accurate three-term 

Total  charge exchange cross section. - Reviews of t o t a l  charge exchange 
cross sect ion data  a r e  avai lable  i n  standard t e x t s  ( r e f s .  1, 3, 15, and 1 6 ) .  
A comprehensive survey of charge exchange data  was  published i n  tabular  form 
by Stanford University i n  January 1961 ( r e f .  1 7 ) .  
below 2 e lec t ron  v o l t s .  

There are no data  reported 

Most of the  work with cesium ions i n  cesium vapor, which i s  of spec ia l  in- 
t e r e s t  here, has become avai lable  since January 1961 ( r e f s .  18 t o  23) .  
lowest c o l l i s i o n  energy investigated i s  6 e lec t ron  v o l t s  ( r e f .  2 3 ) .  

The 

The t o t a l  charge exchange cross sect ion theory may be c l a s s i f i e d  by the 
r e l a t i v e  ve loc i ty  range over which it i s  applicable.  The r e l a t i v e  ve loc i ty  may 
be considered i n  two ranges: high, where the  r e l a t i v e  veloci ty  is  greater  than 
the ve loc i ty  of the o r b i t i n g  e lec t ron  t o  be exchanged and low,  where the  r e l a -  
t i v e  veloci ty  is  l e s s  than the ve loc i ty  of the  orb i t ing  electron t o  be ex- 
changed. The work presented i n  t h i s  report  is only applicable t o  the  low 
range. 

There a r e  several  t h e o r e t i c a l  treatments of low veloci ty  charge exchange 
These are, with some ambiguityY4 designated i n  the  l i t e r a t u r e  as co l l i s ions .  

the  impact parameter method, t h e  adiabat ic  method, and the perturbed s ta t ionary  

41n reference 24 the  approach i s  re fer red  t o  as the  adiabat ic  method; i n  
reference 25 it i s  ca l led  the  impact parameter method; the  methods used i n  
these two sources a r e  ident ica l .  

4 



s t a t e  method. Actually a l l  of these methods requi re  the  assumption of an adia-  
b a t i c  co l l i s ion .  T h e i r  main difference i s  the type of expansion used f o r  t he  
t o t a l  wave funct ion of t he  co l l id ing  system. Mott ( r e f .  26) and Demkov 
(ref .  27)  expand t h e  system wave funct ion i n  terms of t h e  atomic wave func- 
t i ons .  The method.of Firsov (ref.  24) and Holstein ( r e f .  25)' expands t h e  
system wave funct ion i n  terms of symmetric and antisymmetric combinations of 
t he  atomic wave funct ions.  The perturbed s t a t iona ry  s t a t e  method introduced by 
Massey and Smith ( r e f .  28)  has been presented i n  d e t a i l  by Bates, e t  a l .  
( r e f .  29) who show i t s  r e l a t i o n  t o  Mott 's  method. Dalgarno and McDowell 
( ref .  30) apply t h e  perturbed s ta t ionary  state method t o  the  ca lcu la t ion  of 
t o t a l  resonant charge t r a n s f e r  cross  sect ions of negative hydrogen ions i n  
atomic hydrogen. Iov i t su  and Ionescu-Pallas ( r e f .  31) apply it t o  the  resonant 
charge exchange of hydrogen-like atoms and ions.  I n  perturbed s ta t ionary  s t a t e  
calculat ions,  t h e  t o t a l  system wave functions a re  expanded i n  terms of t h e  mo- 
l ecu la r  ion wave funct ions.  Demkov (ref .  27)  contends t h a t  unless t h e  molecu- 
lar ion wave funct ions a r e  accurately known, t h e  complex calculat ions t h a t  t h i s  
treatment requi res  a re  not j u s t i f i e d .  

Present Calculat.ion 

This repor t  combines calculat ions of c l a s s i c a l  low ve loc i ty  e l a s t i c  
s ca t t e r ing  with t h e  quantum mechanical ca lcu la t ion  of charge exchange probabil-  
i t y  during a low ve loc i ty  c o l l i s i o n  t o  obtain an expression f o r  the  low veloc- 
i t y  d i f f e r e n t i a l  s c a t t e r i n g  cross sect ions with charge exchange. Experimen- 
t a l l y  determined t o t a l  charge exchange cross  sect ions ( r e f .  1 9 )  and atomic po- 
l a r i z a b i l i t y  ( r e f .  3 2 )  a r e  used i n  t h i s  expression t o  back-calculate t h e  cesium 
ion-atom d i f f e r e n t i a l  charge exchange cross sect ions.  

The experiment of reference 1 9  consisted of focusing an accelerated ion 
beam i n t o  a charge exchange chamber. This chamber contained neu t r a l  cesium 
atoms (at  a pressure of 0 . 0 1 t o  0.1" of Hg) whose number dens i ty  w a s  de te r -  
mined by a surface ion iza t ion  detector .  The slow ions formed i n  t h e  chamber by 
charge exchange were co l lec ted  on p a r a l l e l  p l a t e s  i n  the  charge exchange cham- 
ber .  The p l a t e s  were a t  s u f f i c i e n t l y  high negative po ten t i a l  t o  co l l ec t  t he  
charge exchanged ions,  but s u f f i c i e n t l y  low p o t e n t i a l  t o  avoid perturbing the  
ion beam path. This procedure r e s t r i c t e d  t h e  experiment t o  beam energies above 
50 e lec t ron  vo l t s .  The measurement of ion beam current  enter ing the charge ex- 
change chamber, t h e  current  col lected on t h e  negative p l a t e s ,  t he  neu t r a l  ce- 
s i u m  number densi ty ,  and the  dimensions of t h e  apparatus allowed determination 
of the  energy dependent charge exchange cross  sec t ion  f o r  the energy range 50 
t o  4000 e lec t ron  vo l t s .  These cross  sec t ion  data w e r e  compared with the theory 
of reference 27 i n  order t o  obtain values of exchange parameters f o r  cesium. 
These same parameters appear i n  t h e  d i f f e r e n t i a l  charge exchange cross sec t ion  
theory. 

The expression f o r  d i f f e r e n t i a l  s c a t t e r i n g  cross sec t ion  i s  in tegra ted  t o  
obtain both t o t a l  and d i f fus ion  cross  sect ions.  The use of these r e s u l t s  i n  

'Holstein (ref. 25),  who published i n  1952, w a s  apparently unaware of 
F i rsov ' s  i d e n t i c a l  approach (ref. 24) t o  t h e  problem published i n  Russian a 
year e a r l i e r .  

5 



t h e  in te rpre ta t ion  of low ve loc i ty  sca t te r ing  experiments i s  discussed. In te r -  
p re ta t ion  of such experiments is complicated by t h e  s izable  portion of c o l l i -  
s ion ve loc i ty  associated with the  random motion of t h e  gas i n  the  s c a t t e r i n g  
chamber. 

RESONANCE CHARGE EXCHANGE PROBABILITY 

A frequent ly  referenced theory of charge exchange probabi l i ty  i s  t h a t  pre- 
sented i n  reference 27. This theory w i l l  be out l ined here, as it allows deter-  

-, Y 

+ - Nucleus Electron} 
Atom 

mination of the  dependence of 
charge exchange probabi l i ty  on 
impact paramete'r, a r e s u l t  t h a t  
w i l l  be needed i n  l a t e r  sec- 
t ions. 

Y 
Figure 3. - Coordinate system for impact parameter treatment of resonance 

charge exchange. 

a posi t ive nucleus of i d e n t i c a l  s t ruc ture .  It 

I n  t h i s  treatment, an atom 
is  considered, denoted by t h e  
subscr ipt  a, t o  move past  an 
ion, denoted by the sub- 
s c r i p t  i. The motion of t h e  
atom i s  along a s t r a i g h t  l i n e  
path i n  the  x,y-plane of f i g -  
ure 3 ,  with veloci ty  u and 
c loses t  distance of approach 
Ro. The ion i s  f ixed  a t  the  
o r i g i n  of t h i s  coordinate sys- 
t e m .  The atom is  considered as 
t h e  combination of an electron 
and a pos i t ive  nucleus or ion 
core. The ion a t  the o r i g i n  i s  

should be noted that  the  impact 
parameter i s  equal t o  the c loses t  distance of approach f o r  the  s p e c i a l  case of 
a s t r a i g h t  l i n e  path.  If U i ( r )  and U a ( r ' )  a r e  t h e  p o t e n t i a l  energies of the  
e lec t ron  i n  the  f i e l d  of the ion and atom, respect ively,  and $ i s  the time 
dependent wave function f o r  the  ion-atom system, t h e  Schr'ddinger equation f o r  
the  electron i n  t h i s  system i s  

where 35 i s  Planck's constant, h, divided by 2fl, Vz i s  the  Lapladian oper- 
a t o r ,  me i s  the  e lec t ron  m a s s ,  and t is  the  time coordinate, which ranges 
from -CU before the  c o l l i s i o n  through the  condition R = Ro a t  t = 0 t o  +oo 
a f t e r  the co l l i s ion .  

The t o t a l  wave function m u s t  have the  asymptotic form 

6 



where q o ( r f )  i s  t h e  ground-state wave function f o r  t he  e lec t ron  associated 
i 
fi meux -- 

represents  the e lec t ron  motion with the  a t o m  p r io r  t o  t he  co l l i s ion ;  e 
w i t h  t he  incoming atom as an incoming ( l e f t  running) plane wave, and 

e 
atomic system Eo 

' i s  the  phase f a c t o r  tha t  contains the  i n t e r n a l  energy of t h e  
plus  t h e  k i n e t i c  energy meu2/Z. 

I n  order t o  obtain $(t) at  times l a t e r  than -a out t o  +m it is expanded 
i n  terms of 
ion.  Hence, 

cpn(r), the  wave functions f o r  t h e  e lec t ron  i n  t h e  f i e l d  of t h e  

w i t h  cpn(r) sa t i s fy ing  

The probabi l i ty  Pn 
nucleus i n  the  nth s t a t e  a t  t = +m i s  then 

of t h e  e lec t ron  being associated with t h e  o r i g i n a l  ion ic  

where dz i s  the  d i f f e r e n t i a l  volume element. Using equation (3) and orthogo- 
n a l i t y  and normalization of cpn(r) gives 

Subs t i tu t ing  equation (3) i n t o  (1) and operating through w i t h  Jcpg(r)d.r 
(superscr ipt  
multaneous d i f f e r e n t i a l  equations 

* ind ica tes  t h e  complex conjugate) give t h e  s e t  of coupled s i -  

which may be in tegra ted  t o  giire t he  coupled i n t e g r a l  equations 



Using equation ( 6 )  and t h e  i n i t i a l  condition %(-m) = 0 yie lds  

Determination of 
s e t t i n g  

Pn t o  a f i r s t -o rde r  approximation can be accomplished by 

i 

$(r,t) = $(r,-m) = qO(r1)e  e 

This approximation should be good f o r  

s ince it assumes t h a t  t he  t o t a l  system wave funct ion undergoes very l i t t l e  
change during the  co l l i s ion .  
both nuclei  are the  same element (Eo - 

Now for charge t r a n s f e r  t o  t h e  ground state where 
= 0) ,  we have 

I n  order t o  simplify in tegra t ion ,  fu r the r  approximations are made i n  r e fe r -  
ence 27, namely, 

. meux 
-1 - 

e Yl E 1  

2 
t i meu 

T i 2  
-- - 

- 1  e 

Since t h e  remainder of t he  in t eg ra l  vanishes f o r  la rge  dis tance of separa- 
t i o n  
t i o n s  within some in t e rac t ion  dis tance D and t h e  corresponding time required 
t o  pass through t h i s  region T, ( T  = 2D/u). 
a r e  equivalent and requi re  

R, we are only concerned with the  v a l i d i t y  of t h e  preceding approxima- 

Hence, approximations (12) and (13) 

<< 1 m e m  
Ti 

Using approximations (12) and (13) reduces t h e  expression for charge exchange 
probabi l i ty  t o  

8 



The indicated in tegra t ion  can be ca r r i ed  out f o r  normalized hydrogen-like wave 
funct ions 

where z and a a r e  t h e  e f f ec t ive  charge 
giving (see appendix) 

P 0 = (g 2flzp(p 

where p = zR /a. Following reference 27, 
s ion  f o r  la rge  p 

0 

and e f f ec t ive  rad ius ,  respect ively,  

we can use t h e  approximate expres- 

1 
-2- K 1  

p e - -K2R0 
E e  

where K1 and K2 are constants dependent on t h e  ion  and atom atomic s t ruc-  
t g r e  and E 
c lo ses t  approach of t h e  atom t o  t h e  ion f o r  which the  exchange probabi l i ty  i s  
1/2, R ~ , ~ ,  can be wr i t t en  

i s  t h e  k i n e t i c  energy of t h e  atom r e l a t i v e  t o  t h e  ion. Hence, t h e  

where A and B are conveniently chosen new constants.  

Impact parameter calculation of ref. 27 eq. (17j7 The s ignif icance of Ro,c i s  
/ evident if we look a t  t h e  sketch 

/ 
/ 

/ / of equation ( 1 7 )  i n  f igu re  4. The 
/ exchange probabi l i ty  obtained by 

/ 
/ Firsov ( r e f .  24) and Holstein 

( r e f .  2 5 )  i s  a l s o  shown i n  t h i s  
f igure .  Their expression i s  va l id  
a t  s m a l l  values of RO (where eq. 
( 1 7 )  would give the absurd r e s u l t  
Po > l), and t h e i r  work ind ica tes  
that  t h e  average value of Po f o r  
Ro < Ro,c i s  1/2; therefore ,  the 
expression 

Calculation of refs. 24 and 25 -.,_ ,// 

~ 

p ‘‘‘.o 

W 

- 5 
I 
I P 

u o  I 

.5 
al 

W 
J ”  

Ro, c 

Minimum atomic separation during collision, RO 
Figure 4. - Resonance charge exchange probability. 
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1 p = -  
0 2  

Po = 0 

Ro 5 Ro,c 

Ro > R 
0,  c 

will be used, where Ro,c i s  given by equation (18). 

SEMICLASSICAL DlFFERENTIAL SCATTERING CROSS SECTION 

Procedure 

The suggestion o f  Mason and Vanderslice (ref. 9 )  can be followed t o  com- 

en t  scat-tering angle i n  the  center- 
pute t h e  d i f f e r e n t i a l  charge exchange cross  sec t ion  a , ( ~ , @ )  ( e  i s  t h e  appar- 

e apparent scattering angle of-mass system; see f i g .  5 )  b y t r e a t -  
e' particle scattering angle ing the  p a r t i c l e  o r b i t  c l a s s i c a l l y  
u = relative velocity and the  charge exchange probabi l i ty  
E = 1/2 mu2 relative energy by the  impact pa rme te r  method. Po 

Then 
ax(€ ,e )  = P ~ O ( E , J ~  - e )  ( 2 0 )  

where o(E,8) i s  the  c l a s s i c a l  e l a s -  
t i c  s ca t t e r ing  cross sec t ion  and e 
i s  t h e  apparent s ca t t e r ing  angle i n  
the  center-of-mass system. The ac- 
t u a l  e l a s t i c  s ca t t e r ing  cross  sec t ion  
(se ( E, e )  i s  then .m 

Figure 5. - Scattering of identical particles in  center-of-mass system, 

The change i n  angular dependence from 8 t o  n - 8 i s  required i n  equation 
(20 )  s ince the  p a r t i c l e  i d e n t i t i e s  as ion and atom reverse during t h e  charge 
exchange in te rac t ion .  For example, if  charge t r a n s f e r  occurs during 0' e l a s t i c  
sca t te r ing ,  the  in t e rac t ion  will be experimentally indis t inguishable  from 180' 
e l a s t i c  sca t te r ing .  The angle through which t h e  a c t u a l  p a r t i c l e s  are sca t te red  
w i l l  be r e fe r r ed  t o  as t h e  p a r t i c l e  s ca t t e r ing  angle,  and the  angle through 
which the  charge i s  sca t te red  w i l l  be ca l led  the  apparent Sca t te r ing  angle. 
(When a d i s t inc t ion  between apparent and p a r t i c l e  s ca t t e r ing  angle i s  required 
i n  notat ion a prime will be used t o  denote t h e  p a r t i c l e  s ca t t e r ing  angle . )  
Hence, i n  t h e  preceding example t h e  p a r t i c l e  s ca t t e r ing  angle i s  0' and t h e  ap- 
parent s ca t t e r ing  angle i s  180'. 

Class ica l  E l a s t i c  Sca t te r ing  by Polar iza t ion  Potent ia l  

The e l a s t i c  s ca t t e r ing  cross sec t ion  i s  given c l a s s i c a l l y  by 

b ab o ( c , e )  = - - - s i n  8 de 
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where b is  the  impact parameter t h a t  produces a sca t t e r ing  angle 8 i n  t h e  
center-of-mass system ( f i g .  5 ) .  W e  now wish t o  determine b(8). This requi res  
solving a two-particle s ca t t e r ing  problem i n  t h e  center-of-mass system, where 
t h e  two p a r t i c l e s  with masses ml and m2 a r e  separated by a dis tance r ,  
have a mutual i n t e rac t ion  po ten t i a l  
i t y  u. It is  w e l l  known (ref.  10) t h a t  t h i s  problem can be reduced t o  t h e  
equivalent problem of t h e  sca t t e r ing  of a s ingle  hypothet ical  p a r t i c l e  with 

i n i t i a l  ve loc i ty  u and reduced m a s s  p(p = 

center .  The dis tance between t h e  hypothet ical  p a r t i c l e  and t h e  sca t t e r ing  cen- 
t e r  i n  t h e  s ing le-par t ic le  problem corresponds t o  t h e  dis tance between p a r t i -  
c l e s  i n  the  two-particle problem. 

U ( r ) ,  and a r e  moving with r e l a t i v e  veloc- 

about a f ixed  sca t t e r ing  
m l  m1m2 + m 2  ) 

The conservation of energy and momentum f o r  t he  one-part ic le  problem may 
be wr i t t en  as 

1 ET = 2 p(G2 + r2i2) + U ( r )  = $ pu2 = const 

and 

2 = pr2$ = pub = const 

respect ively,  where r and cp are the  polar coordinates of t he  p a r t i c l e  with 
t h e  o r ig in  at  t h e  sca t t e r ing  center and cp = 0 at  r = 00 pr io r  t o  t h e  sca t -  
t e r i n g  event. The dots  denote d i f f e r e n t i a t i o n  with respect  t o  time. These two 
equations may be combined t o  give the  following d i f f e r e n t i a l  equation f o r  t h e  
motion of the  s ingle  p a r t i c l e  about t he  sca t t e r ing  center :  

1 1 2  
2 2 Here it was noted t h a t  i f  ml = m2 = m, then i s  - E ,  where E i s  -mu . 

This equation may be integrated from cp = 0 a t  r = 00 t o  t h e  turn ing  
point  at  cpo, ro, where ro is t h e  c loses t  approach of t h e  p a r t i c l e  t o  the  
sca t t e r ing  center .  
i s  one of the  roots  of the  equation 

A t  t h e  point  of c loses t  approach dr/dcp = 0; therefore ,  ro 

Furthermore, we can rearrange t h e  energy equation 

E T = F V  - 2  + V ' ( r >  

1 b2 
r 2  

where t h e  f i c t i t i o u s  p o t e n t i a l  V ' ( r )  i s  defined as E - + U ( r ) .  Now we 

11 



have an equivalent one-dimensional problem i n  which t h e  turning point can be 
seen graphical ly  as t h e  point where F = 0 and E = V ' .  

V' 

A sketch of tkie f i c t i t i o u s  po- 
t e n t i a l  f o r  t h e  polar iza t ion  i n t e r -  
ac t ion  ( f i g .  6 )  shows t h a t  ro must 
be t h e  l a rges t  root  of equation 
(25);  a smaller root would represent  
a trapped p a r t i c l e  r a the r  than one 
coming i n  from i n f i n i t y .  The spe- 

being the  l a rges t  r e a l  roo ts  w i l l  be 
discussed l a t e r  i n  t h i s  sect ion.  

Spiraling -~ 

Orbiting 

Distance from scattering center, r c i a l  cases of ro = rl and ro = 0 

When only polar iza t ion  i s  con- 
s idered i n  t h e  po ten t i a l  funct ion 

(26) 
V u ( r )  = - - 4 r 

2 
( r e f .  32 ) ,  t h e  l a rges t  r e a l  root  of equation (25) i s  e a  where V = - 2 

Figure 6. - Fictitious potential for polarization interaction. 

I v 

and t h e  smaller roo t  (excluding zero) rl i s  

Rearrangement 
t o  t h e  dis tance of 

rl = 2 

of (27a)  gives 
c loses t  approach: 

a r e l a t i o n  f o r  t h e  r a t i o  of impact parameter 

b2 2v - _  .-.-l+- 
E r  0 r' 

0 

By defining 

0 r 
y = -  r 

and 

1 2  



t h e  i n t e g r a l  of equation (24), 

can be wr i t ten  

- 3 T  d Y  

d(1 - y2)(1 - k2y2) 

where t h e  r e l a t i o n  between 8 and 'po 
obtained from f igu re  7, 8 = 2cp0 - a, 
i s  used. 

. The in tegra t ion  i n  equation (32) 
can be expressed i n  terms of a com- 
p l e t e  e l l i p t i c  i n t e g r a l  of t he  f irst  
kind K(k) by 

8 = 2rlb & K(k) - 31 (33) 

which can be put i n t o  the  form 

8 = 2 d s  K(k) - 3~ 
Figure 7. - Relation between scattering angles and angular coordinate. 

(34) 

by algebraic  manipu1atio.n of equations (27 )  , ( 2 8 ) ,  (30) , and (31). Values of 
K(k) a re  tabulated i n  reference 33. 

I n  order t o  obtain t h e  cross  sect ion,  an expression f o r  db/de i s  re- 
quired. This i s  obtained by noting t h a t  

db db dk - = - -  ae a~ ae 

I 

(35) 
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Performing these d i f f e ren t i a t ions  on equations (30) and (34) and in se r t ing  them 
i n t o  equation ( 2 2 )  f i n a l l y  y ie ld  

(1 - k 2 ) 2 ( 1  + k2)1/2 

k 3 E 1  - k2)K(k) + (1 + k2)B(k)] 
a(E,e)s in  e = 

where the  e l l i p t i c  i n t e g r a l  B(k) i s  a l s o  tabula ted  i n  reference 33. The angu- 
lar dependence of t he  r i g h t  s ide  of equation (36) i s  contained i n  the  param- 
e t e r  k v i a  equation (34) .  

For s m a l l  s ca t t e r ing  angles ( l e s s  than 0.25 rad ian)  equation (34) may be 
approximated by 

3g k2 e - -  4 (37) 

where terms of t he  order k2 and higher have been neglected when compared t o  
unity.  To t h i s  same approximation, equa- 
t i o n  (36 )  becomes 

N 
4 
c 

!--. 
&? 

m 
c 

0 

D 

c 0 

.- 
VI 

J - 
5 
VI 

v1 VI 

V 

m c 
L 

e 
.- 
V vr 

\ 

, 
\ 

ScatL. jng angle, e, radians 

Figure 8. - Classical differential scattering cross 
section for polarization potential. 

The p a i r  of parametric equations 
(34) and (36) gives t h e  c l a s s i c a l  d i f f e r -  
e n t i a l  e l a s t i c  s ca t t e r ing  cross sec t ion  
due t o  a polar iza t ion  po ten t i a l  i n  terms 
of t h e  parameter k .  The angular depen- 
dence of t h e  lluniversal" cross sec t ion  is  
presented i n  f igu re  8, where the  cross 
sec t ion  i s  i n  u n i t s  of d w .  This 
separat ion of angular and energy depen- 
dence i s  cha rac t e r i s t i c  of a c l a s s i c a l  
treatment. The functions 8(k)  and 
r 1 
o(E'8)sin e are presented i n  t a b l e s  L E 1, 

I and 11, respect ively.  

A b r i e f  descr ip t ion  of t h e  c l a s s i c a l  
p a r t i c l e  o r b i t s  based on t h e  work i n  ref- 
erences 13, 14,  and 34 follows. The 

various types of encounters a re  sketched i n  f igu re  9. A s  t h e  impact parameter 
decreases below 
Then the  in te rac t ion  cannot be distinguished from one t h a t  sca t te red  the  inc i -  
dent pas t i c l e  through an angle 
through any angle 2nlr - 8 ,  where n i s  any integer .  

b,, t h e  incident p a r t i c l e  i s  sca t te red  through more than 180'. 

-8 nor can it be distinguished from sca t t e r ing  
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k2 0 1 2 3 4 5 6 7 

.o 0 0.2354X10-1 0.4725X10-1 0.7117XlO-1 0.9509XlO-1 0.1190 0.1432 0.1660 

.1 0.2406 0.2655 0.2903 0.3154 0.3404 0.3658 0.3911 0.4167 

.2 0.4964 0.5208 0.5471 0.5740 0.6009 0.6278 0.6552 0.6826 

.3 0.7667 0.7952 0.8240 0.8531 0.8824 0.9121 0.9420 0.9722 

.4 1.0648 1.0964 1.1283 1.1608 1.1936 1.2269 1.2605 1.2947 

. 5  1.4000 1.4360 1.4729 1.5103 1.5481 1.5867 1.6259 1.6659 

.6 1.7906 1.8336 1.8778 1.9229 1.9689 2.0161 2.0644 2.1139 

.7 2.2704 2.3255 2.3822 2.4408 2.5015 2.5640 2.6288 2.6963 

.8 2.9151 2.9946 3.0782 3.1662 3.2591 3.3572 3.4618 3.5736 

.9 3.9658 4.1218 4.4912 4.4912 4.7163 4.9809 5.3035 5.7175 

k21 0 I 

8 

0.1917 0.2160 
0.4425 0.4683 
0.7105 0.7385 
1.0027 1.0335 
1.3293 1.3644 
1.7066 1.7504 
2.1646 2.2168 
2.7661 2.8392 
3.6938 3.8239 
6.2977 7.2850 

-01 m I 
1 

104.65 
2.4613 
0.7779 
0.3691 
0.1767 
0. 9229x10-1 
0 4690x10-1 
0 :  2165x10-1 
0.7996~10-~ 
0.1579~10-~ 

2 3 

36.478 19.572 
2.1243 1.8519 
0.7111 0.6518 
0.3250 0.3028 
0.1655 0.1551 
0.8644~10-~ 0. 8093x10-1 
0.4366~10-1 0.4061~10-~ 
0 1986x10-1 0.1818~10-~ 
0'7078~10-~ 0.6229~10-~ 
0:1233~10-~ 0.9335~10-~ 

.. 

.1 

.2 

.3 

.4 

.5 

. 6  

.7 

.8  

.9 

I I I I I I 91 
2.8870 
0.8536 
0.5754 
0 1886 
0 :  9851~10-~ 
0.5033X10-1 
0. 2356::10-1 
0.8983~10-~ 
0. 1973x10-2 

The value of t h e  impact parameter b, i s  obtained by-rearranging equa- 
t i o n  (30) t o  obtain 

and in se r t ing  the  so lu t ion  & t o  t h e  t ranscendental  equation 

d q  K(k,) = a 

Numerical so lu t ion  y ie lds  k, = 0.9096. Then 

b: = 2E 1.0046 

If b i s  decreased below b, and the  condition 8V/cb4 = 1 i s  ap- 
proached, t h e  incident 
p a r t i c l e  begins t o  o r b i t  
t h e  sca t t e r ing  center .  
This can be seen on exam- 
ina t ion  of equation (30). 
If 8V/b4e = 1, then 
k = 1, and s ince K ( 1 )  be- 

b4 comes i n f i n i t e ,  e a l s o  

', '- Sphere of orbiting more, we see from equa- 
= 0.5 becomes i n f i n i t e .  Further- 

'-Sphere of spiraling t i o n s  (27 )  and (28)  t h a t  
ro = r1 when 8V/b4c = 1. 

b l >  $> bn> b-J> b s >  b4 This condition i s  shown i n  
t h e  sketch of f i c t i t i o u s  
p o t e n t i a l  ( f i g .  6 ) .  

Figure 9. - Types of encounters i n  polarization interaction. 
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For s t i l l  smaller b corresponding t o  8V/b4, > 1, it can be seen from 
equations (27 )  and ( 2 8 )  t h a t  ro and rl become imaginary; hence, t h e  la rges t  
real  root  of equation ( 2 5 )  i s  zero (see f i g .  6 ) .  Now the  incident p a r t i c l e  
s p i r a l s  toward t h e  s c a t t e r i n g  center u n t i l  short  range repulsive poten t ia l s  
control  t h e  in te rac t ion .6  The def in i t ion  of s p i r a l i n g  cross sect ion os i s  
then 

where 

- -  - 1  %V 

Eb: 
(43) 

me cross sect ion for multiple c i r c u i t s  of the  s c a t t e r i n g  center during scat-  
t e r i n g  
b, and bs: 

a(0 > 7 [ )  i s  then given by the  annular area between impact parameters 

(44) o(0 > fi) = ,(b, 2 - bs) 2 = ~ i ~ ( 1 . 0 0 4 6  - 1) = 0.0046 os 

Charge Exchange and E l a s t i c  Scat ter ing D i f f e r e n t i a l  Cross Sections 

The r e s u l t s  of the  sections RESONANCE CHARGE EXCHANGE PROBABILITY and 
SEMICLASSICAL DIFFERENTIAL SCATTERING CROSS SECTION can now be combined i n  the  
manner indicated by 

and 

oe(E,O) = (1 - PO)dE,0) ( 2 1 )  

t o  obtain the  d i f f e r e n t i a l  charge exchange cross sect ion 
f e r e n t i a l  e l a s t i c  s c a t t e r i n g  cross section, respect ively.  I n  the section" 
RESONANCE CHARGE EXCHANGE PROBABILITY, it was  shown t h a t  

o , ( ~ , e )  and the  d i f -  

0,c 

0,  c 

r < r  1 Po = 'z 

Po = 0 r > r  

Following the  methods of references 25  and 27, the  e f f e c t  of the  c o l l i s i o n  
o r b i t  curvature due t o  polar izat ion on the charge exchange probabi l i ty  may be 
be ignored, except through i ts  reduction i n  the  distance of c loses t  approach 

'Spiraling may a l s o  be considered as a mechanism by which an ion and an 
atom are brought s u f f i c i e n t l y  close together f o r  there  t o  be a high probabi l i ty  
of diatomic molecular ion formation (ref.  35). 
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f o r  a given impact parameter. 
duction, equation (19) becomes 

By using equation ( 2 % )  t o  account f o r  t h i s  r e -  

Po = 2 1 b 5 r0,.(. + +Yl2 = b, 
E r  0,c 

(45) 

2400- 

Zrm 

m 

1800 

1600 

0% 1400 

i s  given by equation (18). The dependence of 0 ( ~ , 0 )  on s c a t t e r -  0,c where r 
ing angle 1s avai lab le  f r o m t h e  parametric equations (34) and (36 ) .  For a 
given sca t t e r ing  angle t h e  corresponding impact parameter i s  obtained from 
equations (34) and (39) :  
parameter. Therefore, f o r  a given sca t t e r ing  angle,  both o ( E , ~ )  and Po can 
be determined and inser ted  i n  equations (20) and ( 2 1 ) .  

Po i s  ava i lab le  from equation (45) f o r  t h i s  impact 

The d i f f e r e n t i a l  charge exchange cross  sec t ion  and the  d i f f e r e n t i a l  e l a s -  

I 

1; i I I  

Apparent scattering angle, e, ra 
za 

W 

M 

25 
ns  

1 Ion-a 
relat 

n 

. 2.7 2.8 
Apparent scattering angle, radians 

3.1 * 

Figure 10. - Differential elastic scattering cross section and 
differential charge exchange cross section for cesium ions 
i n  cesium vapor. Relative energy of collision, 0.025 electron 
volt. 

Figure 11. - Differential charge exchange cross section for 
cesium ions in cesium vapor. 
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t i c  sca t te r ing  cross sect ion were calculated following t h i s  procedure and are 
presented i n  f i g u r e  10 f o r  a cesium ion-atom r e l a t i v e  energy of 0.025 e lec t ron  
v o l t .  
and a = 5 2 . 3  a3 (ref .  3 6 ) .  .The d i f f e r e n t i a l  charge exchange cross sect ion i s  
shown i n  f igure  11 f o r  r e l a t i v e  energies of 0.025, 0.05, 0.10, 0.50 and 1.00 
electron vol t .  The sca le  of f igure  11 i s  chosen t o  i l l u s t r a t e  t h e  e f f e c t  of 
c o l l i s i o n  energy on t h e  magnitude of t h e  cross sec t ion  maximums and cutoff 
angle 8, (apparent s c a t t e r i n g  angle) .  

The following constants were used: A = 27.2 8, B = 1.53 8 ( r e f .  19) 

An approximate expression indicat ing the  energy dependence of ox( €,€le) , 
the  maximum value of t h e  d i f f e r e n t i a l  charge exchange cross section, can be ob- 
ta ined  if we note t h a t  
s m a l l .  

@:, the  p a r t i c l e  s c a t t e r i n g  angle, near the  maximum i s  

Combining equations (30) and ( 3 7 ) ,  we have 

1 - i q  (+{-) 2v 
4 

2v 1 - -  
Eb: 

3fi EbC 3fi v 
=2 N 

- 4  

where terms of the  order of 
pared t o  unity.  
gives 

2V/cb: and smaller have been neglected when com- 
Writing equation ( 2 % )  t o  t h e  same degree of approximation 

(47) 2 2 b N re 
C 

so  t h a t ,  by combining equation (18) with t h e  approximate expressions (46) and 
(47), we obtain 

8' = 3n3v 
~ E ( A  - B I n  E ) ~  

o r  

e, = f i  - e; = fi 
~ E ( A  - B I n  E )  

This i s  t h e  p a r t i c l e  s c a t t e r i n g  angle corresponding to t h e  la rges t  impact pa- 
rameter b, f o r  which charge exchange can occur. Subst i tut ing equation (48) 
i n t o  t h e  s m a l l  8 approximation of o ( E , @ ) ,  equation ( 3 8 ) ,  and using t h e  re- 
sult i n  equation (20) give 

without making any f u r t h e r  approximations. 

18 



TOTAL SCA'ITERING CROSS SECTION 

The t o t a l  s ca t t e r ing  cross  sec t ion  with charge exchange due t o  a polar iza-  
t i o n  po ten t i a l  could be obtained by determining the  a rea  under a curve of t h e  
type shown i n  f igu re  10. Since t h e  d i f f e r e n t i a l  s ca t t e r ing  cross sec t ion  in-  
creases without l i m i t  as 8 approaches zero the  area must be determined as a 
funct ion of 
prac t ice ,  em 
sca t t e r ing  chamber apparatus. The t o t a l  s ca t t e r ing  cross  sec t ion  observed i n  
t h i s  apparatus would be 

em, an a r b i t r a r i l y  chosen lower l i m i t  t o  t h e  sca t t e r ing  angle. 
i s  determined by the  minimud detectable  sca t t e r ing  angle i n  a 

I n  

and i f  we requi re  em < e; 

Using equation (39) gives 

Since e, i s  always s m a l l ,  equation (34) again may be approximated by equa- 
t i o n  ( 3 7 ) .  Combining equations ( 3 7 )  and (52)  gives 

It must be remembered that .  
t o  t h e  minimum detectable  angle ek i n  t h e  laboratory system. The conversion 
from t h e  center-of-mass system t o  t h e  laboratory system i s  given by ( r e f .  10) 

em i s  i n  t h e  center-of-mass system but corresponds 

e L -  m 
m 2  e - -  

for p a r t i c l e s  of i d e n t i c a l  mass. 

DIFFUSION CROSS SECTION 

(54) 

The quant i ty  most o f t en  needed f o r  charge t ranspor t  ca lcu la t ions  i s  t h e  
ad (€ ) ,  sometimes ca l led  the  momentum t r a n s f e r  cross d i f fus ion  cross  sec t ion  

sect ion,  which i s  defined by 
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+ 23-t o,(E,B)(~ - cos @ ) s i n  0 de (55) 

Noting t h a t  1 - ‘Po  = l / Z  fo r  8’ < - -  8 < fly t h e  f i rs t  i n t e g r a l  i n  equa- 
t i o n  (55) becomes 

The second i n t e g r a l  i n  equation (55) can l ikewise be wr i t t en  

Adding equations (56) and (57) now gives 

The f i rs t  in t eg ra l  on t h e  r i g h t  i s  j u s t  
Using the  s m a l l  angle approximation for a(€,@) given by equation (38) and the  
fu r the r  s m a l l  angle approximation 

o T ( ~ , B d )  given by equation (53) .  

e2 1 - COS e = -  2 

the  second term on t h e  r i g h t  i n  equation (58) becomes 

which can be integrated t o  yield 

( 5 9 )  

Now equation (58) gives 
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so  the  d i f fus ion  cross  sec t ion  may be approximated by 

ad("> aT(E>eC:) 

It i s  a l so  worth noting t h a t  

uX(E,@)sin e de = fi (62) 
C 

UJE) = 2fi 

e 

Comparison with equation (58) gives the  well-known expression ( r e f .  30) 

t o  t h e  same degree of approximation as equation ( 6 1 ) .  

SCATTERING CHAMBER EXPERIMENTS 

Theory 

Consider the  passage of an ion beam through a chamber containing 
vapor ( f i g .  12). 

\7 Ion source 

v i  velocity of ion in beam 
vo thermal velocity of scattering gas 

u relative velocity of collision 

1 - Electrostatic focusing and acceleration \/ ~ - - -' - 
a r d x  

I _/ _- 
/ 

k X 4  

l l  I detector 

I 

I I I ~ Chamber containing scattering gas 

- L  t 
Figure 12. -Typical scattering chamber apparatus. 

;s own 

Let No =$- NofO(?o)d$o = sca t t e r ing  gas densi ty  i n  p a r t i c l e s  per cubic 
vO 

centimeter, where f (To)dT0 i s  t h e  normalized ve loc i ty  d i s t r ibu t ion  funct ion 

2 1  

I 



f o r  t h e  gas. Likewise, l e t  ni =J nifi(Ti)d$i = ion  densi ty  i n  p a t i c l e s  
v i  

J. 
4 4  per cubic centimeter, where fi(vi)dvi 

bution function f o r  t h e  beam ions. 
i s  t h e  normalized ion ve loc i ty  d i s t r i -  

The r a t e  a t  which ions are sca t te red  from t h e  beam per uni t  volume i s  
given by 

where E = ,$- mu2 (m i s  the  ion o r  atom m a s s ) ,  u is  the  ion-atom r e l a t i v e  ve- 

l o c i t y  ( f i g .  12), and a,(~,&) is  the  t o t a l  cross  sec t ion  f o r  s ca t t e r ing  
through angles greater  than i n  the  laboratory system. 

If we have a well-collimated monoenergetic ion  beam 

-+ 
f i ( V i )  = 6(Vi) 

and 

so 

where 
verse the  sca t t e r ing  chamber 
from t t o  x, t he  length of the  sca t t e r ing  chamber t raversed by the  beam e le -  
ment, and multiplying through by 
beam current give 

T i s  the  time required f o r  a l o n g i t u q n a l  element of the  beam t o  tra- 
Changing the  var iable  of  in tegra t ion  T = L/vi. 

eAvi t o  obtain equation (66) i n  terms of 

where p is  the  gas pressure i n  the  sca t t e r ing  chamber, and the  co l l i s ion  
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probabi l i ty  P, i s  defined7 by 

This i s  a general izat ion of t h e  d e f i n i t i o n  given i n  reference 3 

N o  - p, - a 
P 

- 
where CI i s  t h e  c o l l i s i o n  cross  section. 

L We now need the  geometric r e l a t i o n  between .Qm and x. From f igure  1 2  
we obtain 

In  order f o r  t h i s  approximation t o  be val id ,  it i s  necessary t h a t  

x W 1 - - > > -  L L  

Since w/L i s  of the  order of or lo-* f o r  a t y p i c a l  sca t te r ing  chamber 
(ref.  l), t h e  approximate form of equation (70)  should be accurate over more 
than 99.9 percent of the  chamber length. 

By inser t ing  equations ( 5 3 ) ,  (54) ,  and (70) i n t o  ( 6 8 ) ,  we have 

Integrat ing w i t h  respect  t o  

P, = 

gas atom veloci ty  gives 

Now in tegra t ing  over t h e  dis tance traversed i n  t h e  chamber y ie lds  

7Maxwell ( r e f .  37) w a s  the  first t o  point out t h e  lack of dependence of 
the  veloci ty  integrat ion of equation (68) on the  normalized ve loc i ty  d is t r ibu-  
t i o n  function f o r  an inverse four th  power poten t ia l ;  however, Maxwell’s poten- 
t i a l  was inverse four th  repulsion. 
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Comparison with equation (69)  and using E = -mvi, 1 2  which assumes s ta t ionary  
2 t a r g e t  atoms, give 

the  t o t a l  cross sect ion f o r  sca t te r ing  through angles greater  than the  angular 
resolut ion of the  apparatus. 

This would be t h e  expected r e s u l t  of an experimental determination of P, 
by t h e  usual s c a t t e r i n g  chamber technique. 
perimentally determined i n  the  following manner: 
which passes through the  sca t te r ing  chamber, i s  observed f o r  several  values of 
chamber pressure po with constant ion beam current and ve loc i ty  enter ing the  
chamber. A semilogarithmic plot  of IL against  po gives a s t r a i g h t  l i n e  the 
slope of which i s  -P,L (see eq. ( 6 7 ) ) .  

The c o l l i s i o n  probabi l i ty  i s  ex- 
The ion beam current IL, 

Experiments 

Cesium. - The t o t a l  cross sect ion of cesium ions t r a v e l i n g  through t h e i r  
own vapor has been measured f o r  energies between 0.12 and 10.0 electron v o l t s  
( r e f .  38). The experiment i s  comparable i n  pr inc ip le  with the  sketch i n  f i g -  
ure 1 2 ,  the  difference being t h a t  the  c o l l i s i o n  chamber of reference 38 i s  
curved and placed i n  a magnetic f i e l d .  This design defines the  ion energy more 
prec ise ly  than purely e l e c t r o s t a t i c  methods. The value of w/L i s  about 
0.00073 o r  an average angular resolut ion 
t i o n  received i n  a pr iva te  communication with R. H. Bul l i s ,  R. K.  Flavin, and 
R. G. Meyerand, Jr. of United Aircraf t  Corp.). 

of about 0.0015 radian (informa- 

U 
0 1  

. 

Data of Bullis et al. (ref. 38) I I - Eq. (11) 

i 
Ion-atom relative energy, E, ev 

Flgure 13. -Total scattering cross section. Comparison of Bullis et al. 
data (ref. 38) with semiclassical theory for cesium Ions in cesium vapor. 

The data  of reference 38 
a r e  shown i n  f igure  13. Equa- 
t i o n  (74) i s  p lo t ted  i n  the same 
f igure  f o r  w/L = 0.00073. 

I n e r t  gases. - An apparatus 
s imilar  t o  the  one presented i n  
f igure  1 2  was designed f o r  in- 
ves t iga t ion  of the t o t a l  c o l l i -  
s ion cross sect ion of i n e r t  gas 
ions i n  the  i n e r t  gases ( r e f .  
39) .  This apparatus had a w/L 
r a t i o  of about 0.0365, t h a t  i s ,  
an average angular resolut ion of 
about 0.073 radian. Data from 
references 39 t o  41 a r e  pre- 
sented i n  f igures  14  and 15 f o r  
argon ions i n  argon gas and neon 
ions i n  neon gas, respectively.  
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i' 0 

DatZ 

i 
I 

.. \ . - 0  

D 

-Theory 

-TI 

8 12 16 
Ion-atom relative energy, E, ev 0 

Figure 15. -Total scattering cross section. Comparison 
of data from reference &wi th  semiclassical theory for 
neon-ions in neon gas. 

4 8 
ion-atom relative er 

Figure 14 -Total scattering cross section. Comparison 
of data from references 40 and 41 with semiclassical 
theory for argon ions in argon gas. 

Equation ( 7 4 )  is a l so  shown i n  these  
f igu res  f o r  comparison. 

DISCUSSION 

Limitations of t he  Theory 

The cross  sec t ion  theory presented here in  contains inaccuracies due t o  the  
semiclassical  approach t o  t h e  sca t t e r ing  problem, t h e  simple choice of i n t e r -  
ac t ion  po ten t i a l ,  and the ad iaba t ic  assumption and various mathematical approx- 
imations made i n  computing charge exchange probabi l i ty .  

AutT; If c l a s s i c a l  calculat ions are t o  be 
performed for an atomic sca t t e r ing  event,  t h e  
quantum mechanical l i m i t s  on t h e  v a l i d i t y  of 

- _ _ _ _ _ _  1- t h i s  computation must be considered. These 
limits are imposed by the  uncertainty r e l a -  

" J !  ~ 

u- __ - _  + 
b 
1 

__ t i o n  ( r e f .  15) 
Figure 16. - Uncertainty in impact parameter and 

m A% Ab h ( 7 5 )  
scattering angle. 
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where m i s  the  p a r t i c l e  m a s s ,  i t s  t ransverse veloci ty ,  and b i s  again 
the  impact parameter ( f i g .  16 ) .  The symbol A ind ica tes  uncertainty i n  the  
quant i ty  which follows it. 
must have 

I n  order for a c l a s s i c a l  treatment t o  be va l id ,  we 

e > > & = -  
U 

b >> Ab 

1 
2 Using equation (75)  and 

f o r  s ca t t e r ing  angles l e s s  than 

E = - mu2, we f i n d  t h a t  t h e  c l a s s i c a l  treatment fails  

e*, where 

h 
G b  

e* 

The true t o t a l  e l a s t i c  s ca t t e r ing  cross sec t ion  should ac tua l ly  be smaller 
than the  c l a s s i c a l l y  calculated value obtained from equation (53) f o r  s c a t t e r -  
ing angles l e s s  than @*. The c l a s s i c a l  value becomes i n f i n i t e  as em ap- 
proaches zero. It i s  well  known, however, that the  quantum mechanical calcula- 
t i o n  gives f i n i t e  cross  sect ions as zero sca t t e r ing  angle i s  approached, if  t he  
sca t t e r ing  po ten t i a l  f a l l s  off more rap id ly  than 
dence o f  
pared with e:. 
c l a s s i c a l  mechanics fa i ls ,  t he  charge exchange probabi l i ty  i s  zero; t h a t  i s ,  

l/r2 ( r e f .  42) .  The depen- 
@* on energy i s  shown i n  f igu re  1 7  for cesium, where it may be com- 

Note t h a t ,  over a wide range of s ca t t e r ing  angle f o r  which 

10-2 10-1 . 01 .I 
Ion-atom relative energy, E,-ev 

Figure 17. - Critical particle scattering angle e: and lower limit Figure 18. - Comparison of total scattering cross section uT(he; 
for valid classical calculation e* for cesium. with spiraling cross section us(&). 
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Hence, l i t t l e  e r r o r  should be introduced i n  f igu res  10 and 11 (p. 1 7 )  by t h e  
c l a s s i c a l  o r b i t  as sumption. 

A t  very la rge  e l a s t i c  s ca t t e r ing  angle,  which implies close approach of 
t h e  in t e rac t ing  nuclei ,  t h e  assumption of pure polar iza t ion  in t e rac t ion  i s  a 
poor one. Under these  conditions,  o rb i t ing  or sp i r a l ing  may occur, and a more 
elaborate  po ten t i a l  funct ion including repuls ive forces  must be considered. 
The main i n t e r e s t ,  however, i s  not i n  large p a r t i c l e  s ca t t e r ing  angles where, 
as can be seen i n  f igu re  8 (p.  14 ) ,  t he  d i f f e r e n t i a l  s ca t t e r ing  cross sect ion 
i s  r e l a t i v e l y  s m a l l .  

I n  t he  case of cesium, only a t  low thermal energy is  t h e  sp i r a l ing  cross 
sec t ion  s ign i f i can t .  A comparison of t he  cesium s p i r a l i n g  cross  sect ion ob- 
ta ined  from equations (42) and (43) and t h e  t o t a l  s ca t t e r ing  cross  sec t ion  ob- 
ta ined  f r o m  equations (61) and (63) and an extrapolat ion of cesium charge ex- 
change cross sec t ion  da ta  ( r e f .  19)  i s  made i n  f igu re  18. If the c o l l i s i o n  
energy i s  grea te r  than 0.025 e lec t ron  v o l t ,  t he  s p i r a l i n g  cross  sec t ion  i s  l e s s  
than 25 percent of t h e  t o t a l  s ca t t e r ing  cross sect ion.  This percentage de- 
creases w i t h  increasing energy. 

The use of equation (19)  t o  obtain t h e  charge exchange' p robabi l i ty  i s  an 
approximation t o  t he  more accurate form of the  p robab i l i t y  sketched i n  f i g -  
ure 4 (p.  9 ) .  
ence 25. The use of t h e  exponential  t a i l  instead of chopping the  probabi l i ty  
a t  bc would be expected t o  round t h e  cutoff peak s l i g h t l y  at  8;- and smooth 
the  d iscont inui ty  i n  ae(€,8)  a t  e:. 

This s impl i f ica t ion  w a s  made following t h e  method of r e f e r -  

The ca lcu la t ion  of charge exchange probabi l i ty  required t h e  use of t he  ap- 
proximate expressions 

and 

These expressions were shown, i n  the  discussion of resonance charge exchange 
probabi l i ty ,  t o  be equivalent t o  t h e  condition 

The physical meaning of t h i s  condition i s  c l ea r  if we consider t he  angular mo- 
mentum r e l a t i o n  f o r  an e l ec t ron  o rb i t i ng  with ve loc i ty  i n  a Bohr orb i t  of 
radius  re 

ve 
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I II 

I 
.. ... ._ . . ~ ~ 

mevere = nT5 ( 7 7 )  

where n i s  t h e  p r inc ipa l  quantum number. If we consider a hydrogen-like atom 
i n  the  ground s t a t e  n = 1 and if  the  range of t h e  in t e rac t ion  D is  of the  
order of atomic dimensions so t h a t  D/re  2: 1, we see t h a t  

so t h e  condition f o r  t he  approximate equations ( 1 2 )  and (13) t o  hold is  

U - << 1 
ve 

t h a t  i s ,  t he  r e l a t i v e  ve loc i ty  of t h e  co l l i d ing  nuclei  must be much l e s s  than 
the  ve loc i ty  of t h e  o rb i t i ng  e lec t ron  t h a t  i s  t o  be exchanged. This i s  the  so- 
ca l l ed  ad iaba t ic  approximation. Since for t h e  f i rs t  Bohr o r b i t  

7 
2 e 

ve = -$ = 3.5~10 cm/sec 

t h e  adiabat ic  condition f o r  a cesium ion-atom c o l l i s i o n  requi res  t h a t  t h e  rela- 
t i v e  k ine t i c  energy be l e s s  than 85 k i loe lec t ronvol t .  

We see from t h e  previous discussion t h a t  t h e  v a l i d i t y  of t h i s  ana lys i s  i s  
dependent on t h e  following three  conditions : 

Condition (1) presupposes 8* ,< e;, whicfr i s  not necessar i ly  t r u e  a t  high 
energy. This condition r a the r  than condition ( 3 )  of ten  es tab l i shes  the  upper 
l i m i t  on the  energy range. 
l imi ted  not by t h e  85 k i loe lec t ronvol t  ad iaba t ic  l imi t a t ion  of condition ( 3 ) ,  
but by condition (1) (see f i g .  17), where for a co l l i s ion  energy of 
about 1000 e lec t ron  vo l t s .  

Cesium, which i s  used as an example of i n t e r e s t ,  i s  

e* = 8 '  C 

Comparison of Theory with Experiment 

There i s  only a l imi ted  quant i ty  of data  i n  t h e  open l i t e r a t u r e  t h a t  meets 
t he  three  conditions discussed, and these  da ta  a r e  only i n  t h e  form of t o t a l  
cross sect ion measurements; there  a r e  no da ta  on d i f f e r e n t i a l  s ca t t e r ing  cross  
sect ions of low energy ions i n  t h e i r  own gas. It would seem t h a t  cesium is  the  
only element whose unique combination of proper t ies  ( la rge  m a s s ,  l a rge  polar iz-  
a b i l i t y ,  and i n t e r e s t i n g  appl icat ions requi r ing  low energy co l l i s ions )  make it 
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su i t ab le  f o r  appl ica t ion  of t he  theory at energies between 0.025 and 1000 e lec-  
t r o n  vo l t s .  

The observations of t o t a l  cesium sca t t e r ing  cross sect ions made by B u l l i s ,  
e t  a l .  (ref. 38) have been compared with t h e  theory i n  f igu re  13. While t h e  
agreement might be termed acceptable,  it must be admitted tha t  t h e  da ta  do tend 
t o  f a l l  above t h e  t h e o r e t i c a l  curve. This i s  p a r t i c u l a r l y  t r u e  i n  t h e  low en- 
ergy range, that  is ,  below 1 elec t ron  v o l t .  The -experimenters have, however, 
been quick t o  point out (information received i n  a pr iva te  communication with 
R. H. B u l l i s ,  R. K. Flavin, and R. G. Meyerand, Jr. of United Aircraf t  Corp.) 
t he  d i f f i c u l t i e s  of making measurements i n  th i s  low energy range and t h a t  these  
a r e  only preliminary data. 
spread or be def lected by s t r a y  e l e c t r i c  f i e l d s  a r i s i n g  from charges on insula-  
t o r s  and f i e l d  penetrat ion of t h e  sca t t e r ing  chamber. The low i n t e n s i t y  ion 
beam s igna l  requi res  a nude e lec t ron  mul t ip l ie r  type detector  whose gain tends 
t o  dr i f t  i n  the  low pressure cesium environment. Any of these e f f e c t s  could 
give an erroneously high value of cross  sect ion.  A noteworthy attempt t o  over- 
come these d i f f i c u l t i e s  w a s  made by f ab r i ca t ing  t h e  e n t i r e  c o l l i s i o n  chamber 
including t h e  end s l i t s  from a s ingle  piece of e l e c t r o l y t i c a l l y  deposited cop- 
per. Furthermore, t he  end s l i t s  w e r e  contoured t o  minimize f i e l d  penetration. 
Extensive cold t rapping and pumping were used t o  reduce the  background cesium 
pressure i n  t h e  region of t he  e lec t ron  mul t ip l ie r .  S t i l l  one must remember, 
when comparing t h e  experimental da ta  with theory,  tha t  t he re  e x i s t s  t h e  possi-  
b i l i t y  of a systematic e r r o r  t h a t  gives high values of cross sect ion.  

Their low energy ion beam tends t o  space-charge 

It i s  @so i n t e r e s t i n g  t o  compare t h e  t o t a l  s ca t t e r ing  cross sec t ion  pre- 
d ic ted  by equation (74) with t h e  observations from reference 40 f o r  argon ions 
and from reference 41 f o r  neon ions i n  t h e i r  parent gases ( f i g s .  1 4  and 15, 
respec t ive ly) .  
f o r  t he  apparatus of  reference 39 and f o r  c o l l i s i o n  energies 
greater  than 1.0 e l ec t ron  v o l t  f o r  both neon and argon. 
pected t h a t  t he  theory would not explain i n e r t  gas in te rac t ions ,  s ince 
hydrogen-like wave funct ions were used t o  obtain t h e  t h e o r e t i c a l  charge ex- 
change probabi l i ty  . 

The theory i s  not appl icable  t o  these  data ,  s ince em.= 0.073 

E t  i s  a l s o  t o  be ex- 
0: < 0.02 

The approach of t h e  experimental r e s u l t s  t o  the  theory a t  low energy i s  

em > e;, because any charge exchange in t e rac t ion  
noteworthy. The t r u e  cross  sec t ion  i s  expected t o  be l a rge r  than the  predic- 
t i o n  of equation (74) when 
t h a t  r e s u l t s  i n  p a r t i c l e  s ca t t e r ing  angles between em and 0;  has not been 
included i n  the  calculat ion.  From t h i s  standpoint,  t h e  da ta  i n  f igu res  1 2 ,  14, 
and 15 a r e  i n  fair  agreement with the theory.  

CONCLUSIONS 

The semiclassical  ca lcu la t ion  of d i f f e r e n t i a l  charge exchange cross  sec- 
t i o n  i s  only an approximate method; however, s eve ra l  i n t e re s t ing  f ea tu res  of 
t h e  r e s u l t s  are expected t o  be ya l id .  These fea tures  would be exhibi ted not 
only f o r  t h e  cesium resonance in te rac t ion ,  f o r  which numerical values have been 
given, but f o r  any resonance charge exchange in t e rac t ion  that  s a t i s f i e s  t he  
three conditions:  
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(1) e* < em < e; 
( 2 )  us << 

( 3 )  u < ve 

These conditions can be s a t i s f i e d  f o r  cesium i f  t h e  ion-atom r e l a t i v e  energy of 
c o l l i s i o n  i s  between 0.025 and 1000 e lec t ron  v o l t s .  

As  t h e  calculat ions f o r  cesium have shown, the  d i f f e r e n t i a l  charge ex- 

The maximum value of t h e  cross sec t ion  OCCUTS at t h e  cutoff 
change cross sect ion has a cutoff close t o ,  but not a t ,  an apparent s c a t t e r i n g  
angle of 180°. 
angle. 
the  cross sect ion maximum increases.  The values of t h e  cutoff angle and cross 
sect ion maximum may be approximated by the  expressions 

A s  the  c o l l i s i o n  energy increases,  the  cutoff angle approaches 180° and 

8c(A 3*2v - B I n  E ) ~  1 
and 

6 ox(E,eC) = - - E (A - B I n  E )  
3S4 

respect ively . 
The t o t a l  cross sec t ion  f o r  s c a t t e r i n g  through angles greater  than Om 

w a s  found by in tegra t ion  t o  be approximately given by 

(49) 

subject t o  the  condition 
expected as the  r e s u l t  of a sca t te r ing  chamber type experiment i s  

em < and the  corresponding c o l l i s i o n  probabi l i ty  

have been shown t o  be v a l i d  even though the  d i f f e r e n t i a l  cross sect ion vanishes 
at  an apparent s c a t t e r i n g  angle of 180’. 

Lewis Research Center 
National Aeronautics and Space Administratson 

Cleveland, Ohio, June 24, 1964 
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APPENDIX - INTEGRATION O F  CHARGE EXCHANGE PROBABILITY 

EXPRESSION FOR HYDROGEN-LIKE ATOMS 

It was indicated i n  t h e  main t e x t  t h a t  the  charge exchange probabi l i ty  may 
be given by 

where 

2 e U a ( r ' )  = - - r 1  

The i n t e g r a l  over s p a t i a l  coordinates i s  then 

Refezring t o  the coordinate system i n  f igure  3 with X taken as the  angle + between R and r shows t h a t  

+ +  r - ~ = $ !  

and 

r' = d R 2  + r2 - 2 r R  cos X 

Then equation (A5) becomes 

I =  -(-f 0 

Z -- 
a 2 2nr  e 

-ZdR2+r2-2rR COS X a e 

+ r2 - 2 r R  cos X 
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Performing the  in tegra t ion  over X yie lds  

which can be wr i t ten  as 

Now in tegra t ing  over r gives 

-- Rz 
I = (- e)@ + $)e a 

The charge exchange probabi l i ty ,  equation ( A l ) ,  i s  now 

Referring t o  f igu re  3, we see t h a t  

R ( t )  = i m  0 

So we now need t h e  i n t e g r a l  

2 

By noting the  symmetry of t he  integrand, equation (A9) can be wr i t ten  
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Making the  subs t i tu t ion  

gives 

Integrat ing by p a r t s  and making the  subs t i tu t ions  6 = x/Ro and p = Roz /a ,  we 
obtain 

From reference 44 we obtain 

where 
a t i n g  equation ( A l l )  with respect  t o  p and using 

Kn(p)  i s  t h e  modified Bessel function of t h e  second kind. Different i -  

give 

which, f o r  n = 1, yie lds  

Subst i tut ing equation ( A 1 3 )  i n t o  equation (A10) gives 
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Now t h e  charge exchange probabi l i ty ,  equation (A8), becomes 

For large p we may use the  approximate expressions (ref. 33) 

K o ( p )  = K1(p) = dL 2P e -p  (A16 1 

so t h a t  t o  t h i s  degree of approximation, equation (A15) may be wr i t ten  as 
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